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Quantum channel discrimination is used to test quantum field theory in non-inertial frames. We search for
optimal strategies which can best see the thermality of the Unruh effect. We find that the usual strategy of
counting particles in the vacuum can be improved, thereby enhancing the discrimination. Coherent state probes,
which are practical and feasible, give exponential improvement in the discrimination of the Unruh channel and
come very close to optimal. In particular, we show that using a short pulse laser, the accelerations required to
test the Unruh effect can be reduced by at least three orders of magnitude with the same statistical confidence
as could be achieved in vacuum. These results are expected to be relevant to upcoming experimental tests of
quantum field theory in curved spacetimes in analogue systems.
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I. INTRODUCTION
The Unruh effect [1] as it is often understood is the pre-
diction that accelerated bodies in empty space experience a
temperature proportional to their acceleration. Despite sev-
eral experimental proposals being put forth [2], verification of
the Unruh effect remains an open research program [3–8]. In
particular, several experiments are currently underway [9, 10]
to test analogues of this effect in more accessible regimes.
In 1973 Fulling showed that a quantum field restricted to the
region inside the horizon of an accelerated observer (forming
a spacetime wedge) could be quantised by performing a gen-
eralisation of the canonical quantisation procedure [12]. Un-
ruh found in 1976 that by joining two of these Rindler wedges
together the Minkowski vacuum state could be written as a
product over frequencies of two–mode squeezings between
the left-wedge and right-wedge Rindler modes [1]. Rindler
modes are a convenient choice of basis because they are ei-
ther localised in the left or right wedges. Since the acceler-
ated observer has access to only one of these regions, the state
available to an accelerated observer can be calculated by writ-
ing it in the Rindler basis and tracing over the modes in the
other region. This leads to the conclusion that the vacuum ap-
pears to an accelerated observer as a thermal state at the Unruh
temperature.
The thermal response registered by a uniformly accelerat-
ing Unruh-DeWitt detector in vacuum, which can be calcu-
lated from the perspective of an inertial frame without refer-
ence to the mode decomposition in the accelerated frame, is
generally considered to be mathematical confirmation of the
Rindler-Fulling quantisation procedure [1, 13, 14]. Neverthe-
less, in scientific enquiry experimental confirmation is always
required and it is more strongly demanded the more a theory
departs from our ordinary expectations. The prediction that
observers in different states of motion disagree on the num-
ber of particles is a good example of an occasion in which
the theoretical predictions depart strongly from our ordinary
expectations. Accepting that the theory should be tested, the
question arises as to how one can best do this.
Usually when one thinks about testing the Unruh effect,
they think of an accelerated observer detecting particles when
there “should” have been none. The simplest test one could
devise is therefore a test of whether thermal particles are de-
tected (under acceleration) in the vacuum or not. If no parti-
cles are detected it would in some sense imply that the vacuum
had remained the vacuum (in the sense of being vacuous of
particles). We will call this potential situation in which there
are no thermal particles observed the null theory [15].
While the thermal form of the vacuum state when written in
the right wedge Rindler subspace nicely illustrates the phys-
ical content of Unruh’s result, the effects are not limited to
the vacuum state alone. More broadly, the transformation that
occurs when changing from the inertial frame to accelerated
frame (effectively a change of basis followed by a trace oper-
ation), can be thought of as a linear quantum channel [16, 17].
The terminology quantum channel is taken from Shannon’s
information theory adapted to the quantum setting by quantum
information theorists [18]. The Unruh channel is a change of
basis that takes any state in the inertial frame to a correspond-
ing state in the accelerated frame. This opens up the possibil-
ity of testing quantum field theory in curved spacetimes using
states other than the vacuum.
Quantum state discrimination has been developed to per-
form quantum statistical hypothesis testing [19]. For a given
input state, the problem of quantum state discrimination is
equivalent to quantum channel discrimination: Alice sends a
known state to Bob down one of two channels. Bob’s task is to
identify which of the two channels acted on the received state.
The probability of Bob misidentifying the channel can be min-
imised provided that he performs optimal measurements. By
varying the input state one can search for an optimal strategy,
i.e., the initial state and measurement observables which min-
imise the probability of misidentification.
This approach was used for the purpose of detecting lossy
channels [20], improving target detection [21] and boosting
the readout of digital memories [22]. Here we show, using
the Unruh theory as a specific example, that quantum channel
discrimination can also be applied to test physical theories.
We will show that the Unruh theory and the null theory can
be thought of as two different quantum channels. Therefore
deciding which theory is correct maps to the problem of dis-
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2criminating which of these two channels operate when chang-
ing from an inertial to an accelerated frame. Our objective
is to determine which initial state should be sent down this
unidentified channel (which state should be prepared in the
inertial frame) and which observables should be measured at
the channel output (which observables should be measured in
the accelerated frame) such that the actual channel (the correct
theory) can most clearly be revealed.
Ordinarily one attempts to verify the Unruh effect by mea-
suring particles in the vacuum from an accelerated frame. The
detection of any number of particles would be evidence in
favour of the Unruh theory. However, such a test is not per-
fect. Even excluding the possibility of dark counts, a thermal
state is not orthogonal to the vacuum state. Therefore in such
experiments there is always some probability of making an er-
ror, for example by (incorrectly) identifying the vacuum when
in actuality the state was thermal. The question then is, do
other strategies exist which reduce these identification errors?
In this article we answer this question in the affirmative and
report on feasible strategies that can be used to discriminate
the Unruh theory that outperform this simple vacuum particle
counting approach. These results are expected to be useful
in tests of the Unruh theory in analogue experiments that are
due to come online in the near future. This provides a proof
of principle that these tools can also be used, for example, in
testing Hawking radiation in analogue systems [23] and other
such tests of quantum field theory in curved spacetimes.
The outline of the paper is as follows: we first give some
background on the Unruh effect in section II and present some
mathematical definitions that will be of relevance to later sec-
tions in the paper. We then discuss an alternative theory to the
Unruh theory in section III which does not predict the appear-
ance of particles in the accelerated frame. We show in sec-
tion IV that the effect of these theories is to transform states
in the inertial frame into states in the accelerated frame, and
that these transformations are naturally described by quantum
channels. After that we introduce in section V the subject of
quantum channel discrimination and then use it in section VI
to determine the optimal experimental setting to discriminate
the theories with an initial coherent state. We then investi-
gate in section VII other states starting with general Gaussian
states that take the form of an Unruh mode, and then Fock
states in section VIII for general initial states that are mea-
sured in a quasimonochromatic frequency band. Finally we
compare strategies for initially quasimonochromatic modes in
section IX before finishing with some concluding discussions.
There are five appendices. In Appendix A we provide the
construction of non-standard orthonormal bases for Rindler
and Minkowski frames. In Appendix B we provide further
details on the channels associated with the two hypotheses
that we consider in moving into the accelerated frame. In
Appendix C we derive the Gaussian channel matrices for the
Unruh channel and in Appendix D we derive the channels for
Fock states before giving some further information on the nu-
merical implementation of our realistic mode numerical cal-
culations in Appendix E.
II. BACKGROUND
Our analysis is presented for a real massless scalar field in
1+1 dimensions (~ = c = kB = 1), but it can be generalised to
any specific experimental setup. The Klein-Gordon equation
is:
Dµ∂µφ = 0, (1)
where Dµ is the covariant derivative, and there exists a natural
indefinite product on the space of solutions to this equation,
called the Klein-Gordon scalar product, given by [24]:
(φ1, φ2) ≡ i
∫
φ?1
↔
∂µ φ2dΣµ. (2)
Throughout this paper we will call any solution of the
Klein-Gordon equation a “mode.” In particle physics the ter-
minology is usually reserved for the energy eigenmodes of
the system. However, in this paper the distinction of whether
the solution is an energy eigenmode or a wavepacket of such
modes is intentionally left ambiguous. This is in part because
there are two Killing vectors which are time-like in the left and
right wedge restriction of 1+1 Minkowski spacetime: the en-
ergy operator Eˆ = i ∂
∂t and the boost operator Kˆ = i(x
∂
∂t + t
∂
∂x ).
Hamiltonians can be defined on spacetime regions when there
exists a time-like Killing vector (see discussion on page 15 of
[32]). For each time-like Killing vector on a spacetime region
there is a corresponding Hamiltonian. There are therefore two
different definitions of Hamiltonian in the left and right wedge
restriction of 1+1 Minkowski spacetime. Since an eigenmode
with respect to one operator may be a wavepacket of eigen-
modes with respect to the other the special terminology of
calling an energy eigenfunction a “mode” is not very illumi-
nating. Another reason for our choice of terminology is that it
is already prevalent in quantum optics to call a wavepacket a
mode, and it will be familiar to those readers.
In Minkowski coordinates, the eigenfunctions of the ordi-
nary energy operator, Eˆ, are plane waves and are given by:
uk(x, t) ≡ 1√
4pi|k|e
i(kx−|k|t). (3)
In quantum optics experiments with resting detectors, it is
common practice to analyse these frequencies using filters.
In this paper, we will consider an equivalent experiment with
an accelerating particle detector. We suppose that an iner-
tial source shines radiation onto an accelerating detector that
makes measurements using filters in the accelerated frame.
We suppose that the detector follows a ξ = 0 trajectory
in Rindler coordinates (τ, ξ) which are related to time t and
position x by:
t = a−1eaξ sinh aτ, (4)
x = a−1eaξ cosh aτ, (5)
where a is the detector’s proper acceleration and τ is the
proper time along the trajectory. In these coordinates the boost
operator becomes, Kˆ = ia
∂
∂τ
. The actual Hamiltonian associ-
ated with this time-like Killing vector is i ∂
∂τ
, or aKˆ. However,
henceforth we will simply refer to Kˆ itself as the energy oper-
ator, and the interpretation should be clear from the context.
3Canonical quantisation of the scalar field on the Rindler
line-element, ds2 = e2aξ(dτ2 − dξ2), has been discussed by
Fulling [12] leading to a different vacuum to the Minkowski
vacuum called the Rindler vacuum, |0〉I. By fitting two
Rindler coordinate patches to cover the left and right wedges,
Unruh has found [1] (see also [5]) a relation between the
Minkowski vacuum state, |0〉M, and the product of the left and
right wedge Rindler vacua, |0〉R ≡ |0〉I ⊗ |0〉II, given symboli-
cally [11] by:
|0〉M ∝ Sˆ I,II|0〉R, (6)
where the squeezing operator, Sˆ I,II, is characterised by the
squeezing parameter, rk = arctanh(e−pi|k|/a), and fulfils the fol-
lowing relations:
Sˆ I,IIbˆIkSˆ
†
I,II = cosh rkbˆIk − sinh rkbˆ†IIk, (7)
Sˆ I,IIbˆIIkSˆ
†
I,II = − sinh rkbˆ†Ik + cosh rkbˆIIk, (8)
where bˆIk and bˆIIk are the annihilation operators associated
with the Rindler modes:
wIk(ξ, τ) =
1√
4pi|k| exp i(kξ − |k|τ), (9)
and
wIIk(ξ′, τ′) =
1√
4pi|k| exp i(−kξ
′ − |k|τ′), (10)
respectively. In the left wedge we have used the coordinate
patch:
t = a−1eaξ
′
sinh aτ′, (11)
x = −a−1eaξ′ cosh aτ′, (12)
and in this wedge the boost operator can be written Kˆ =
− ia ∂∂τ′ .
When a trace is performed over the Rindler modes in the
left wedge of the Minkowski vacuum state a thermal state is
obtained at a temperature proportional to the acceleration.
III. AN ALTERNATIVE HYPOTHESIS OF NON-INERTIAL
MOTION
Any physically realised detector used by the accelerated ob-
server to measure the radiation will have a limited bandwidth
over which signals can be detected. To simplify our discussion
we assume that frequencies can be selected by the detector by
placing in front a linear filter such as a Fabry-Perot interfer-
ometer, or by “homodyning" with a specific local oscillator
mode [4]. Since the detector is accelerated, the frequencies
selected are defined with respect to the proper time of the ac-
celerated observer, τ, i.e., they are eigenfunctions of the boost
operator. Somewhat surprisingly this criteria alone does not
uniquely define the physics in the accelerated frame.
Linear superpositions of the Rindler mode functions (9),
(10) and their complex conjugates, can be taken to find other
solutions to the Kˆ eigenvalue equation. Of particular impor-
tance are the solutions known as Unruh modes. There are
two types of Unruh modes, called Right-Unruh modes and
Left-Unruh modes, and unlike the Rindler modes, which are
localised in the left and right wedges, Unruh modes are dis-
tributed throughout all of space. Note that the Right (Left)
prefix is not to be confused with right-moving (left-moving)
waves, rather the prefix is supposed to indicate that the mode
is mostly distributed within the right (left) wedge; for each
type of Unruh mode, left-moving and right-moving solutions
exist which are distinguished by the sign of k. Explicitly, the
positive norm Unruh modes are:
uRk(x, t) =
1√
4pi|k|
1√
(1 − e−2pik/a)
(a(x − t))ik/a, (13)
uLk(x, t) =
1√
4pi|k|
1√
(e2pik/a − 1)
(a(x − t))−ik/a, (14)
where  ≡ sign(k), log (−1) = ipi and the branch cut is taken
in the lower-half complex plane, below the negative real axis.
Furthermore, the negative norm Unruh modes are:
uRk(x, t)? =
1√
4pi|k|
1√
(e2pik/a − 1)
(−a(x − t))−ik/a, (15)
uLk(x, t)? =
1√
4pi|k|
1√
(1 − e−2pik/a)
(−a(x − t))ik/a. (16)
It should be noted that |k| is the eigenvalue of the Hamiltonian
associated with Kˆ.
The Unruh modes are related to the Rindler modes by the
simple equations:
uRk = cosh rkwIk + sinh rkw?IIk, (17)
u?Lk = sinh rkwIk + cosh rkw
?
IIk. (18)
It should be clear that Unruh modes and Rindler modes coin-
cide up to different normalisation factors in the left and right
wedges respectively. By associating operators AˆRk and AˆLk
with the Right-Unruh and Left-Unruh modes respectively, we
obtain the operator relations:
AˆRk = cosh rkbˆIk − sinh rkbˆ†IIk, (19)
AˆLk = − sinh rkbˆ†Ik + cosh rkbˆIIk. (20)
One interesting feature of Unruh modes is that they have a
definite frequency property with respect to both Kˆ and Eˆ. For
example, uRk is a positive frequency eigenfunction of Kˆ but it
can also be decomposed only in terms of positive frequency
eigenfunctions of Eˆ. On the other hand for example, the wIk
and w?IIk Rindler modes are positive frequency with respect to
Kˆ, but mixed with respect to Eˆ, that is, they are superpositions
of both positive and negative frequency eigenfunctions of Eˆ.
A summary of the frequency properties of the special modes
considered in this paper is shown in table I.
The Hilbert space quantisation critically depends on the fre-
quency properties of the modes. However, we have seen that
one cannot uniquely define the Hilbert space with respect to
the positive frequencies of the boost operator: the degeneracy
of the space of positive frequency solutions with a definite
eigenvalue (and definite parity) is two dimensional. If we let
α and β be two complex numbers such that |α|2 + |β|2 = 1,
4Mode Eˆ Kˆ Norm
uk + “mixed” +
u?k − “mixed” −
wIk “mixed” + +
w?Ik “mixed” − −
wIIk “mixed” − +
w?IIk “mixed” + −
uRk + + +
u?Rk − − −
uLk + − +
u?Lk − + −
TABLE I. Frequency and norm [26] properties of the Minkowski, u,
Rindler {wI, wII} and Unruh {uR, uL} modes (defined in the text) and
their complex conjugates. A mode is said to have a positive (nega-
tive) frequency property with respect to the energy operator Eˆ or Kˆ
if it can be expressed as a superposition of only positive (negative)
frequency eigenfunctions of that operator. If it can not it is labelled
as “mixed.”
then the superpositions of positive-norm Right Unruh modes
and negative-norm Left Unruh modes:
fk = αuRk + βu?Lk, (21)
are also positive frequency with respect to the boost operator.
Clearly there are an infinity of possible solutions satisfying
the positive frequency criteria, therefore further assumptions
are necessary to lead to a unique physical outcome.
The standard choice is obtained by setting α = cosh rk and
β = − sinh rk leading to a right-wedge Rindler mode. Such
a choice arises naturally when working in Rindler coordi-
nates and leads to the well-known results of Unruh [1]. On
the other hand, Unruh modes also play a special role, they
are the unique set of eigenfunctions of Kˆ that have a defi-
nite frequency property with respect to Eˆ. This is noteable
because ordinary quantum field theory in the inertial frame
distinguishes those modes that are positive frequency with re-
spect to Eˆ, and we are interested in verifying that this dis-
tinguished role is not respected in the uniformly accelerated
frame, as suggested by the standard Unruh theory.
An accelerated particle detector may respond to the Hilbert
space defined by those frequencies which are positive fre-
quency with respect to Eˆ, namely to the uRk and uLk solutions,
or to those which are not positive frequency with respect to Eˆ,
of which there are an infinity of possibilities. Standard the-
ory dictates that the correct choice of solutions in the latter
case are the right-wedge Rindler modes wIk (note we are only
considering a detector in the right wedge).
We are therefore interested in experimentally determining
which of these two situations, if any, occurs in practice. It is
of course possible to test the other alternatives, however for
the reasons we have outlined above we find these two cases
to be the most compelling. Under the assumption that one
of these two alternatives is correct it is possible to frame the
problem of determining which of the two is correct in terms
of a binary hypothesis test.
We label the alternative theory as H0 for null theory, and the
standard Unruh theory as H1. In quantum hypothesis testing
the choice of H0 and H1 is symmetrical. In particular, we
are not implying that H0 should be accepted as correct until
proven otherwise as might be the case in standard hypothesis
testing.
The hypotheses can be briefly surmised as follows:
• H0 (The null theory): Under the H0 hypothesis the
detection modes are hypothesised to have the positive
frequency property with respect to Eˆ. Therefore, they
are wavepackets of uRk and uLk [25]. We label this
wavepacket by ψ0, and note that the operator associated
with it will annihilate the Minkowski vacuum state.
• H1 (The Unruh theory): Under the H1 hypothesis the
detection modes are hypothesised to be wavepackets of
right-wedge Rindler modes, wIk (i.e., with support on
x > |t| only). These modes do not have the positive
frequency property with respect to Eˆ. Therefore, the
operators associated with these wavepackets do not an-
nihilate the Minkowski vacuum (rather they annihilate
the Rindler vacuum). Particles in these modes, first dis-
cussed by Fulling [12], are called Rindler-Fulling parti-
cles. In the Unruh theory we will consider a wavepacket
of right-wedge Rindler modes as the detection mode,
and label this wavepacket by ψ1.
One may wish to imagine the detector as a harmonic os-
cillator whose Hilbert space is taken to be a subspace of (and
shares its ground state with) a Fock space describing the quan-
tum field. Hypothesis H0 is that this Fock space has one-
particle space comprising positive frequency (w.r.t. both Eˆ
and Kˆ) Unruh modes, among which is the excitation mode
of the oscillator; hypothesis H1 is that the Fock space has
one-particle space comprising positive Kˆ-frequency Rindler
modes, among which is the excitation mode of the oscillator.
Since the vacuum state of the detector in the H0 hypothe-
sis shares the same vacuum state as the Minkowski vacuum
state, the H0 hypothesis leads to the alternative conclusion
that an accelerated observer would not detect particles in the
Minkowski vacuum in agreement with an Unruh-effect skep-
tic [27, 28].
IV. TWO QUANTUM CHANNELS OF NON-INERTIAL
MOTION
In the last section we showed that there is a meaningful way
of defining a null theory which contains the prediction that the
vacuum state measured in the accelerated frame is void of par-
ticles. However, we can do more than simply investigate the
vacuum state. We can also ask what predictions the H0 hy-
pothesis makes for other initial states of the field. In the H0
case, the only reason that the measured state of the field is
not given trivially by the initial state itself, is because of our
measurement assumptions: we assume that there is a finite
bandwidth of frequencies which the detector can measure. In
the accelerated frame this is a bandwidth in Kˆ space. There-
fore, the map which takes the initial state of the field to the
subspace measurable by the detector is obtained by a change
from the standard Minkowski basis into the Unruh mode basis,
5followed by a trace over all Unruh modes in the inaccessible
part of the Hilbert space, i.e., those frequencies that are out of
range.
The situation is not so different in the H1 hypothesis. How-
ever, there is a new feature arising because of the different
vacua, known as amplification. Amplification occurs when a
process creates particles. In the H1 hypothesis, the measured
frequencies are assumed to be right-wedge Rindler modes. So
following in the same fashion as before, we rewrite the ini-
tial state this time into the Rindler basis, and then trace out
all modes that are out of range. However, included in this
set of out-of-range modes are the left-wedge Rindler modes.
Because of the nature of the Minkowski vacuum state, these
modes will in general be highly entangled with the modes
in the right-wedge. In particular, negative energy modes are
paired with positive energy modes, so when the left wedge is
traced out there is the appearance of particle creation in the
right wedge.
We call the maps which take the input state of the field to the
state measured by the detector (or if one prefers, to the state
of the detector itself) E0 and E1, which are labeled after the
H0 and H1 hypotheses respectively. We will hereafter refer
to these maps as channels [18]. We have argued that these
channels take the form:
E0(ρ) = Tr⊥ψ0 [U0ρU†0], (22)
E1(ρ) = Tr⊥ψ1 [U1ρU†1], (23)
where U0 (U1) is a transformation operator from the
Minkowski basis into the Unruh (Rindler) basis, and Tr⊥ψ
means trace out all modes orthogonal to the ψ subspace. We
provide more details on these relations in appendix B.
To gain a better insight into the nature of these channels it is
useful to consider the special case when ψ0 = uRk is a Right-
Unruh mode and ψ1 = wIk is a right-wedge Rindler mode. In
this case, the H0 state, E0(ρ), is simply a state defined on the
single mode subspace of uRk. By virtue of equation (17) this
is very nearly the same state as the H1 state, E1(ρ). The differ-
ence is a subsequent unitary squeezing operation on E0(ρ) that
changes the state into the Rindler mode basis, followed by a
trace over the wIIk mode subspace. Since the explicit operator
for the unitary squeezing operation on the Unruh subspace is:
S = erk(bˆ
†
Ik bˆ
†
IIk−bˆIk bˆIIk), (24)
we can write:
E1(ρ) = TrII[SE0(ρ)S †], (25)
where the trace is performed over the subspace defined by
wIIk.
One way of defining a Bosonic amplification channel [17,
29, 30] is via the map Eamp(ρ) ≡ TrII[S ρS †], (see, for ex-
ample, the discussion in the first column of pg. 2 in [29]).
Therefore, the H1 channel, E1, can be decomposed into an
E0 channel followed by a Bosonic amplification channel, i.e.,
E1 = Eamp ◦ E0. We can see here that the test we are per-
forming is really whether or not the amplification channel is
operating. Indeed, it is the amplification channel which leads
to the observation of particles in the accelerated frame and it is
what we consider to be the most profound aspect of the theory
– the property that we most want to test.
In our discussion so far we have implicitly assumed that
the initial state is simple in the standard Minkowski basis. By
‘simple’ we mean the excitations above the vacuum of any
prepared state have sharp Eˆ-frequencies (these are known as
a quasimonochromatic modes). However, in principle the ex-
perimentalist is at liberty to tailor the mode prepared by the
source to suit the experimental purpose. One might then won-
der if there was a preferred mode shape in which the experi-
mentalist could prepare the initial state such that the amplifica-
tion would most clearly be revealed. Indeed, when the source
mode itself is an Unruh mode the E0 map becomes trivial,
E0 → I. If it were possible to prepared an Unruh mode, then
the Unruh effect could be tested by discriminating between an
amplification channel and a trivial channel. Despite the fact
that it is not currently known how to produce such modes,
much insight can be gained by first studying this simpler sce-
nario and we will present some results for initial Unruh modes
in the following sections. However, to make closer connection
to settings that are likely to be experimentally feasible, we also
consider source modes that are peaked in ordinary Minkowski
frequencies by taking narrow spectrally-uniform wavepackets
[31, 32] (see for example pg. 18 of [32]). In this case, the E0
channel is no longer trivial.
V. QUANTUM CHANNEL DISCRIMINATION
We try several different input states, ρ, and assume that
N identical copies of each of them are available for collec-
tive measurement. Quantum state discrimination is then per-
formed on the two output states E0(ρ) and E1(ρ) correspond-
ing to each of the hypotheses.
Quantum state discrimination can be implemented by mea-
suring a two-outcome positive operator valued measurement
with operators E0 and E1, satisfying E0+E1 = I and Ei ≥ 0 ∀i.
The outcomes of these measurements are assigned to differ-
ent interpretations of the theories as follows. If the outcome
E0 is obtained one infers that the theory H0 is correct. On the
other hand if the outcome E1 occurs one infers that the H1
hypothesis is correct.
The probability of misidentification of a given strategy is
given by the weighted sum of the probability of measuring
E0 when the H1 hypothesis is correct and the probability of
measuring E1 when the H0 hypothesis is correct, where the
weights are given by the a priori probabilities for each of the
hypothesises of being correct. Using the fact that the oper-
ators must sum to the identity one arrives at the total error
probability of misidentification:
Perr =
1
2
(1 − Tr [E1Λ]), (26)
where
Λ ≡ E1(ρ) − E0(ρ), (27)
is the Helstrom matrix. The a priori probabilities for each of
the hypotheses have been assumed to be equal to one-half.
6Optimising over all positive operator valued measurements
one obtains the Helstrom bound [19]:
Phel =
1
2
− 1
4
|Λ|. (28)
Note that the norm here refers to the operation of taking the
sum of the absolute values of the eigenvalues.
Consider now the simplest example, when the initial state
is the vacuum. Then it follows that the H0 state is also the
vacuum, E0(ρ) = |0〉〈0|. On the other hand, the H1 state
is a thermal state (i.e., the Unruh thermal state): E1(ρ) =
1
n+1
∑
m
(
n
n+1
)m |m〉〈m|, where henceforth n is defined as the
mean particle number in the detection mode, ψ1, when the ini-
tial state is the Minkowski vacuum [7]. This can be expressed
in terms of the right-wedge Rindler mode (9):
n =
∫
d|k| |(ψ1,wIk)|
2
e2pi|k|/a − 1 . (29)
Since the Helstrom matrix is diagonal and only the first eigen-
value is negative, we immediately deduce that the optimal
measurement is E0 = |0〉〈0| and E1 = I − |0〉〈0|, which is
simply a test of the existence of particles. In this strategy the
probability of misidentification is:
P0 =
1
2(n + 1)
. (30)
One should recognise this as the strategy to observe the Un-
ruh effect described in the introduction. Our objective is to
find alternative strategies that reduce this probability of error
thereby enhancing discrimination of the theories.
It is not always possible to calculate the Helstrom bound
exactly. A more readily computable upper bound is the Quan-
tum Chernoff Bound (QCB), P(N)QCB, [33]:
P(N)hel ≤ P(N)QCB ≡ 12 exp(−κN), (31)
where N is the number of independent copies of the state and
κ ≡ − ln
[
inf
0≤s≤1
Tr(Es0(ρ)E1−s1 (ρ))
]
, (32)
is the quantum Chernoff information giving the exponent
for which the probability of misidentification most quickly
decreases with increasing N. In practice multiple independent
copies of the state would be used to discriminate the theories.
In the limit that N → ∞ the inequality in (31) becomes tight.
Therefore, in the asymptotic limit finding the state which
minimises the QCB is equivalent to optimising the strategy.
Since minimisation of the QCB over the single copy state
implies minimisation over the multiple copy state [20] (con-
strained by mean energy per copy), we only need to perform
the analysis of the single copy state. It should be clear that
by optimal state we mean the state which minimises the QCB
and therefore provides the minimum error probability in the
asymptotic limit of many copies. Furthermore, in this limit,
the QCB bound does not depend on the a priori probabilities
of H0 and H1 [34], which can be then considered completely
arbitrary. For calculating the QCB we use the tools and
conventions of [35].
VI. SINGLE MODE DISPLACED VACUUM STATES
We first consider probing the channels with a coherent state
|α〉 ≡ eαAˆ†−α? Aˆ|0〉, (33)
with mean particle number n0 = |α|2. Note that the coherent
state is in a general mode φ with corresponding annihilation
operator Aˆ = (φ, Φˆ), where Φˆ is the canonically quantised
field operator and (·, ·) is the Klein-Gordon scalar product (2).
Since the initial state is Gaussian and both E0 and E1 are Gaus-
sian channels, the output states are fully described by their
first and second statistical moments.
We have shown in appendix C that E1(ρ) is a displaced ther-
mal state, with thermal number n, and displacement α1 ≡
(ψ1, φ)α + (ψ1, φ?)α?. Similarly, E0(ρ) is found to be a co-
herent state, with displacement α0 ≡ (ψ0, φ)α. Since E0(ρ) is
pure, the QCB reduces to the fidelity, F , [36] and the proba-
bility of error is:
Pcohhel ≤ 12F
(
E0(ρ),E1(ρ)
)
. (34)
The fidelity is a measure of the “closeness” of two quantum
states. The fidelity between two single-mode Gaussian states
ρA and ρB, with moments (VA, x¯A) and (VB, x¯B), is given by
the formula [37, 38]:
F (ρA, ρB) = 2√
∆ + δ − √δ exp
[
− 12 dT (VA + VB)−1d
]
, (35)
where
∆ ≡ det(VA + VB) , δ ≡ (det VA − 1)(det VB − 1) , (36)
and d ≡ x¯A − x¯B. In this notation, for the two states E0(ρ),
E1(ρ) we find that: δ = 0, ∆ = (2n + 2)2, and VA + VB =
(2n + 2)I2 where I2 is the 2 × 2 identity matrix.
Therefore, the QCB can be written:
Pcohhel ≤
1
2(n + 1)
exp
(
− dT d2(2n+2)
)
(37)
= P0exp
(
− |α1−α0 |2(1+n)
)
, (38)
where on the last line we used equation (30) and:
d = 2
 Re[(α1 − α0)]
Im[(α1 − α0)]
 . (39)
Therefore, coherent probes enhance the discrimination of
the Unruh effect in a fashion which scales exponentially with
the energy.
The strategy which achieves this probability of error cor-
responds to the measurement observables E0 = |α0〉〈α0| and
E1 = I − |α0〉〈α0|. To see this, we calculate the probability of
error of this strategy from equation (26):
Pken =
1
2
(Tr[E1E0(ρ)] + Tr[E0E1(ρ)]) (40)
=
1
2
Tr[E0(ρ)E1(ρ)]. (41)
7Note that when either of E0(ρ) or E1(ρ) are pure
Tr[E0(ρ)E1(ρ)] is equal to the fidelity. Therefore this prob-
ability of error is equal to the QCB. In practice, this strategy
is performable with a Kennedy receiver, see pg. 15 of [38]:
first one displaces the state by D(−α0) and then performs a
measurement of whether or not there are particles, i.e., the
E0 = |0〉〈0|, and E1 = I − |0〉〈0| (This last step can be easily
done with a simple particle counting detector).
We have shown that the Kennedy receiver achieves the
QCB. While in general this is not the optimal measurement
strategy, we know that in the limit of many repetitions of the
experiment the QCB becomes tight.
VII. OPTIMIZED DISCRIMINATION WITH GAUSSIAN
STATES
One naturally wonders how close the strategy presented in
the previous section comes to being optimal. To find the op-
timal state, one must perform an exhaustive search over all
initial states at fixed energy. Since this is not practical in full
generality, we first focus on special classes of Gaussian states.
General non-unitary Gaussian transformations can be written
as a transformation of the first and second moments, x′ = Xx,
and V
′
= XVXT +Y respectively [29, 38, 39]. For single-mode
Gaussian states the Unruh channel is completely described by:
X1 =
 Re[(ψ1, φ) + (ψ1, φ?)] −Im[(ψ1, φ) + (ψ1, φ?)]
Im[(ψ1, φ) − (ψ1, φ?)] Re[(ψ1, φ) − (ψ1, φ?)]
 ,
Y1 = (2n + 1)I2 − X1XT1 . (42)
These transformation matrices have been derived in appendix
C. Similarly, the H0 transformations {X0,Y0} are obtained by
replacing ψ1 → ψ0 and n→ 0 in (42) [40].
In the remaining part of this section our results will focus
on the special case when Alice prepares the state in an Un-
ruh mode, more general results will be presented in section
IX. When the initial state is an Unruh mode and the Rindler
detection mode is tuned to the same Kˆ-frequency, we obtain
(ψ1, φ) =
√
n + 1, (ψ1, φ?) = 0 and (ψ0, φ?) = 1. Equation
(42) then reduces to X1 =
√
1 + nI2 and Y1 = nI2 as in [29]
(see halfway down the second column on pg. 2).
For the coherent state of the previous section the exponen-
tial factor becomes: |α1−α0|2 = n0(
√
n + 1−1)2. For a Single-
Mode Squeezed vacuum state (SMS) with n0 = sinh2 s0, we
find:
Psqzhel ≤
1
2
√
1 + n(2 + n)(1 + n0)
, (43)
which is proportional to the inverse square root of n0 as
n0 → ∞. Therefore, at large energies the coherent state beats
the SMS. Nevertheless, at low energies the SMS provides an
enhanced sensitivity particularly in the low temperature (i.e.,
low n) regime, see Fig. 1 (Top).
The Optimal Single Mode Gaussian state (OSMG) is found
by considering a displaced squeezed thermal state of fixed
energy, n0 = sinh2 s0 + m0 cosh 2s0 + |α|2, where m0 is the
thermal number of the initial state, and the state is displaced
FIG. 1. (Color Online) (Top) Comparison of the QCB error prob-
ability, P, for the single mode Gaussian states: coherent (green),
squeezed (blue) and optimal single-mode gaussian state (red) in the
Unruh mode scenario. (Bottom) Comparison of the optimised single-
mode squeezed-displaced (red), two-mode optimised squeezed dis-
placed (light blue) and Fock state (Orange).
and squeezed in the p-quadrature direction [41]. The en-
ergy budget for the squeezing energy, thermal energy and
displacement energy is given by the ratios κ1 = sinh2 s0/n0,
κ2 = m0 cosh 2s0/n0 and κ3 = |α|2/n0 respectively, where
κ1 + κ2 + κ3 = 1, κi ≥ 0. We find the optimal value κ2 = 0 for
all values of the parameter space considered. Therefore, pure
states are better probes of the E1 channel than mixed (thermal)
states. The QCB error probabilities for the OSMG, coherent
state and SMS are shown in Fig. 1 (Top).
To investigate the usefulness of entanglement, we also con-
sidered a two-mode one-party accelerated strategy, whereby
an ancillary mode is entangled with the first but is measured in
the inertial frame rather than the accelerated frame. The trans-
formation matrices in this case are: X → I2 ⊕ X, Y → I2 ⊕ Y .
The quantum correlations of a Two-Mode Squeezed vacuum
state (TMS) under the one-party accelerated motion setting
have previously been investigated in [3, 7, 42]. Here we con-
sider an initial two-mode squeezed state that is also displaced
in the x-quadrature [41]. The QCB optimised over displace-
ment and squeezing is shown in Fig. 1 (Bottom).
In the low energy regime entanglement can be a useful
resource in the discrimination. In particular, the two-mode
Gaussian state that we have considered (optimised over dis-
placement and squeezing) can beat the OSMG. However, the
OSMG is still better for sufficiently large n0.
It is important to mention that the measurement which ob-
tains the QCB in the two-mode one-party accelerated strategy
would in general be non-local across both parties. While in
8practice this would be very difficult to achieve (since Alice
and Bob are in different frames), our results set a lower bound
on the error for any local measurement in this setup.
VIII. FOCK STATES
Finally we consider the effects of non-Gaussianity by prob-
ing the channel with an n0 particle Fock state, ρ = |n0〉〈n0|, we
find:
E0(ρ)=
n0∑
k=0
(
n0
k
)∣∣∣1 − |(ψ0, φ)|2∣∣∣n0−k |(ψ0, φ)|2k |k〉〈k|, (44)
E1(ρ)=
n0∑
k=0
∞∑
i=0
(
n0
k
)∣∣∣1 − |(ψ0, φ)|2∣∣∣n0−k |(ψ0, φ)|2kCk,i(n)|k+i〉〈k+i|,
(45)
where Ck,i(n) =
(
k+i
k
)
(1 + n)i−k−1ni. Note that the equations are
only valid when ψ0 (and hence ψ1) is a quasimonochromatic
mode in Kˆ space. These states generalise the ones found for
Unruh modes in [29] to general initial modes, φ. The deriva-
tion of these states can be found in appendix D.
When the initial mode is an Unruh mode the E0 channel is
trivial (this also follows from (44) with ψ0 = φ). Furthermore,
the E1 channel simplifies to:
E1(ρ) =
∞∑
i=0
Cn0,i(n)|n0 + i〉〈n0 + i|. (46)
Therefore, the Helstrom matrix (27) can be written:
Λ = (Cn0,0(n) − 1)|n0〉〈n0| +
∞∑
i=1
Cn0,i(n)|n0 + i〉〈n0 + i|.(47)
Since this matrix is diagonal and (Cn0,0(n) − 1) < 0 and
Cn0,i(n) > 0, it follows that the projector onto the positive
eigenvalue subspace, and hence the optimal choice of E1, is
given by:
E1 = I − |n0〉〈n0|. (48)
Consequently, E0 = |n0〉〈n0|. Naturally, the optimal measure-
ment corresponds to counting the number of particles and de-
ciding H0 if the number of particles is exactly n0 [43] and H1
otherwise.
When the source mode is an Unruh mode we can also use
(26) to find the Helstrom bound on the probability of error:
Pn0 =
1
2(n + 1)n0+1
. (49)
When the source mode is an Unruh mode, the Fock state
strategy outperforms the OSMG and two-mode Gaussian
strategies, see Fig. 1 (Bottom). Thus, if it were possible to
prepare a Fock state in an Unruh mode, it would be the best
strategy to experimentally discriminate the theories. Indeed,
we see that increasing the initial number of particles gives an
exponential improvement over the vacuum strategy.
However, this strategy is not optimal for general initial
modes. To investigate the performance of Fock states in the
general initial mode case, we will calculate the QCB using
equation (31). This will require taking powers of s and 1 − s
of the density matrices. Fortunately, equations (44-45) are
already diagonal in the number basis. However, the minimi-
sation over s, will need to be done numerically. In order to nu-
merically handle the infinite sum, it is useful to rewrite equa-
tion (45) as follows:
E1(ρ) =
∞∑
n′=0
n0∑
k=0
∞∑
i=0
(
n0
k
)∣∣∣1 − |(ψ0, φ)|2∣∣∣n0−k |(ψ0, φ)|2k (50)
× Ck,i(n)|k + i〉〈k + i|n′〉〈n′|,
=
∞∑
n′=0
n′∑
k=0
(
n0
k
)∣∣∣1 − |(ψ0, φ)|2∣∣∣n0−k |(ψ0, φ)|2k (51)
× Ck,n′−k(n)|n′〉〈n′|,
where on the first line we inserted a complete set of states,
and on the last line we set i = n′ − k and made use of the
fact that i ≥ 0 which implies k ≤ n′. We can then take finite
partial sums in n′ until the partial sums converge to required
accuracy.
IX. A REALISTIC EXAMPLE
At low energies and Unruh temperatures Fock states and
squeezed states clearly beat the coherent states in the Unruh
mode setup. Since these states are readily produced in or-
dinary Minkowski frequency modes, could they be used to
reveal the Unruh effect at low temperatures and low source
energy?
Consider irradiating the detector with a quasi-
monochromatic mode with a flat spectrum, a central
frequency ω = a/10 and a spectral width δω = ω/10.
Suppose that the detector response is also flat, operates at
the Rindler frequency ωR = a/10 and has a spectral range
δωR = ωR/10. We calculate:
(ψ0, φ) ≈ (ψ1, φ?) = 0.002 + 0.013i, (52)
(ψ1, φ) = 0.003 + 0.017i, (53)
and an expected vacuum particle number n = 1.07. The details
of these numerical computations can be found in appendix E.
A comparison of the QCB for coherent, SMS, TMS, and
Fock states is shown in Fig. 2. In these modes, Fock states and
SMS states perform worse than the vacuum strategy. Rather
it is the coherent state which best discriminates the channels
[44]. The non-trivial E0 channel therefore results in a dif-
ferent ordering of the strategies. The behaviour of the SMS
state, ρSMS, is consistent with our earlier analysis: E0(ρSMS)
is a squeezed thermal state whose thermal component wors-
ens the discrimination between I and Eamp [45]. In contrast
coherent states remain pure under E0. Interestingly, the TMS
provides near-optimal discrimination implying that entangle-
ment remains a useful resource.
The statistical confidence in the discrimination of the two
non-inertial channels is plotted in Fig. 3 as a function of the
acceleration and probe resources (n0 and N). Using physi-
cally reasonable energies (resources) we find that reductions
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FIG. 2. (Color Online) QCB probabilities in the realistic mode
example. Coherent state (green dashed), TMS vacuum state (blue
dotted), SMS vacuum state (red dot-dashed) and Fock state (orange
solid).
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FIG. 3. (Colour Online) 60% (red thick), 95% (green dashed) and
99% (blue dotted) confidence lines for the discrimination of the Un-
ruh effect as a function of the acceleration and the mean particle num-
ber n0. (Left) The practical strategy of a coherent state (displaced in
the x-direction) in a quasimonochromatic mode at microwave fre-
quencies 10GHz with a bandwidth of 1GHz, for a single experimen-
tal run; the acceleration can be further lowered by about a factor of
one half at the same confidence level by increasing N. (Right) The
ultimate ideal state: Fock state in a 10GHz Unruh mode.
of more than three orders of magnitude in the required accel-
eration for the same level of statistical confidence is possible
[46].
How large must the acceleration be for the approach to
be implemented? In the case of the actual Unruh effect, if
one uses a coherent microwave signal of quasimonochromatic
frequency ω = 1010Hz containing 1010 photons, one would
be able to discriminate the Unruh theory with a probability
of misidentification of approximately (but no less than) 1%
by accelerating a Kennedy receiver with an acceleration of
1018ms−2. This should be compared to the acceleration re-
quirement of 1021ms−2 for a photon counting device acceler-
ating through a perfect vacuum state. In analogue settings, as
for example described in [9] the acceleration required in vac-
uum can be as low as a ∼ 5 × 105 ms−2 and thus the quantum
statistical tools we have described have the potential to bring
these accelerations down to the order of 102ms−2.
X. DISCUSSION
We have described how an experiment that filters frequen-
cies and performs positive operator valued measurements in
the accelerated frame can be used to test the Unruh effect. We
showed, in contrast with the standard theory, that there is a
seemingly meaningful way of describing a theory in which
an accelerated observer does not detect any particles in the
Minkowski vacuum by assigning Unruh modes rather than
Rindler modes to the measured frequencies. This is of course
related to the discussion about the meaning of the particle con-
cept dating back to the beginnings of the subject of quantum
field theory in curved spacetime (see for example the discus-
sion in 3.3 of [14]). Perhaps new to this discussion, is that the
state of motion of the observer alone may not uniquely define
the particle content. Rather what is also important is the mode
of operation of the detector. Perhaps there are detector setups
in which particles are detected and those in which there are no
particles detected. The fact that calculations using an acceler-
ating Unruh-DeWitt detector show a thermal response, is good
theoretical justification for the H1 hypothesis, and was largely
responsible for the acceptance of this perspective historically.
What is still not clear is if there is an accelerated system which
operates as a detector according to the H0 hypothesis; perhaps
all physical detectors work like Unruh-DeWitt detectors. On
the other hand, we note that even the physical realisability of
the Unruh-DeWitt detector has been put into question [27].
Our point of view on the matter is therefore one of impar-
tiality. We have framed the question scientifically in terms
of a binary hypothesis test, and devised optimal strategies for
ascertaining which of the two hypotheses are realised in any
given experimental setup.
Our analysis indicates that the Unruh theory can be tested
at lower accelerations using a coherent source at large ener-
gies. It appears to be the most practical strategy and applies
even when the modes are quasi-monochromatic with respect
to Minkowski time. This is because coherent states remain
coherent under the E0 transformation. While coherent probes
behave similarly for both Minkowski-mode and Unruh-mode
initial states, in the Minkowski-mode case larger initial inten-
sities are required. Hence, one would best be able to discrim-
inate the theories if it were possible to engineer initial modes
in the Unruh basis.
In parameter estimation [29, 47] strategies which best dis-
tinguish evolutions a and a + δa for some channel parameter
a are sought. This differs to channel discrimination, which
can be applied (as we have) to discriminate between two inde-
pendent channels E0 and E1. In the case of Unruh modes, we
found that Fock states, which were the best states to estimate
the temperature in [29], also give the best discrimination of the
theories. Nevertheless, if one uses realistic quasimonochro-
matic modes, Fock states are not useful in the discrimination.
It would be interesting to know if the same holds for the pa-
rameter estimation of temperature.
We have assumed in this work that the detector accelerates
uniformly for all of time. Such eternal acceleration ensures
that the system is stationary (time independent) and that the
detector is on long enough that it will be able to measure a per-
fect blackbody distribution (right down to the longest wave-
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lengths). In practice, the acceleration can only be for a fi-
nite duration. Generally, experimental proposals [2] consider
short constant accelerations or even oscillatory accelerations.
Studies suggest [48] that even for non-eternal acceleration a
particle detector in certain regimes will observe an approxi-
mate thermal response (over the frequencies that are measur-
able during this time interval). Although outside the scope of
the current work, it would be interesting to explore how the
results presented in this paper would be effected in such non-
eternally accelerating situations.
Our analysis can be generalised to any theory with hori-
zons, where the Rindler modes are replaced with modes lo-
calised inside or outside of the horizon. Furthermore, the tools
of state and channel discrimination are also likely to be of use
in other tests of quantum field theory in curved spacetimes
especially in analogue experiments [23] where Bogoliubov
transformations act.
Appendix A: Orthonormal bases for Minkowski and Rindler
frames.
In this appendix we give general procedures for construct-
ing non-standard orthonormal bases in the Minkowski and
Rindler frames. The motivation for doing this is that we will
often want to describe the reduced state of the field in a mode
that is not a Minkowski or Rindler plane wave. For this pur-
pose, it is useful to expand the field in a basis for which the
mode of interest is a basis function and then trace out the or-
thogonal subspace.
First we consider the Minkowski frame. Recall that the
standard basis functions for solutions to the Klein-Gordon
equation in the Minkowski frame are the plane waves {uk, u?k }.
We call the subspace of solutions spanned by the positive
Eˆ-frequency Minkowski plane waves, uk, the E+ subspace.
Since the uk have positive norm, it follows that every solution
in the positive E+ subspace also has positive norm. Therefore
the scalar product (2) is a genuine inner product on the posi-
tive E+ subspace. In a similar way, one can construct an inner
product space for the subspace of solutions spanned by u?k us-
ing the negative of the scalar product as the (positive definite)
inner product. We call this the E− subspace.
Let φ ∈ E+. By Gram-Schmidt orthonormalisation starting
with the function φ one can construct a complete orthonormal
basis of functions for the E+ subspace. Label these basis func-
tions {φ(i)} for i = 0, 1, 2 . . . where φ(0) = φ. A complete or-
thonormal basis for the E− subspace is then found by complex
conjugation of these functions. These basis functions satisfy
the orthonormality relations:
(φ(i), φ( j)) = δi j, (A1)
(φ(i)?, φ( j)?) = −δi j, (A2)
(φ(i), φ( j)?) = 0. (A3)
By associating annihilation (creation) operators, Aˆi (Aˆ
†
i ),
with the positive (negative) norm basis functions, the field op-
erator can be expanded as:
Φ =
∑
i
φ(i)Aˆi + φ(i)?Aˆ
†
i , (A4)
from which one can identify the relations:
Aˆi = (φ(i), Φˆ), (A5)
Aˆ†i = −(φ(i)?, Φˆ). (A6)
For the initial mode φ we will often define Aˆ ≡ Aˆ0 without the
subscript.
The Bogoliubov transformation corresponding to the
change of basis from the standard Minkowski basis into the
φ-basis, is found by Fourier decomposing the φ(i) basis func-
tions in terms of the plane waves:
φ(i) =
∫
dk(uk, φ(i))uk, (A7)
where we have used (u?k , φ
(i)) = 0. Then using the rela-
tions (A5) and the equivalent relation for the Minkwoski plane
waves, i.e., aˆk = (uk, Φˆ), one can write:
Aˆi =
∫
dk(φ(i), uk)aˆk, (A8)
In the Rindler frame the standard basis functions are given
by the Rindler modes {wIk,wIIk,w?Ik,w?IIk}. In this case both
wIk and w?IIk are positive frequency with respect to the boost
operator Kˆ. Let K+I be the subspace spanned by the wIk. Since
wIk have positive norm, the K+I subspace is an inner product
space with (2) as the inner product. Retracing our steps above,
if ψ ∈ K+I then we can find an orthonormal basis {ψ(i)} for
K+I where ψ
(0) = ψ, and an orthonormal basis for K−I (the
subspace spanned by w?Ik) by complex conjugation of these
functions.
For completeness we mention that the w?IIk modes are neg-
ative norm, so the negative of the scalar product would be a
suitable inner product for orthonormalising the space spanned
by these functions. However, in this paper we only consider
a single observer in the right wedge, so there will not be an
occasion in which it is necessary to change the w?IIk basis.
As before, defining dˆi ≡ (ψ(i), Φˆ), we find:
dˆi =
∫
dk(ψ(i),wIk)bˆIk. (A9)
By construction the {ψ(i)} are superpositions of wIk only. This
means that they will be mixed superpositions of the positive
and negative Eˆ eigenfunctions. We can therefore write:
ψ(i) =
∫
dk(uk, ψ(i))uk − (u?k , ψ(i))u?k . (A10)
and find the Bogoliubov transformation for the change of basis
from standard Minkowski basis to the ψ-basis:
dˆi =
∫
dk(ψ(i), uk)aˆk + (ψ(i), u?k )aˆ
†
k , (A11)
where we used aˆk = (uk, Φˆ) and aˆ
†
k = −(u?k , Φˆ), which follow
from the standard decomposition of the field operator similar
to equations (A4) and (A5-A6).
A few further remarks are in order regarding the validity of
(A11). We can write the Bogoliubov coefficient in (A11) as:
(ψ(i)1 , uk) =
∫
dk′(wIk′ , ψ(i)1 )(wIk′ , uk), (A12)
=
i
2pi
√|k|
∫
dk′√|k′| (wIk′ , ψ
(i)
1 )e
pik′/2a(k/a)ik
′/a.(A13)
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The divergence when k → 0 is of the same kind of divergence
as in uk which arises from the choice of normalisation and is
therefore not problematic. On the other hand, because of the
factors of 1/
√|k′| and epik′/2a, the integral in equation (A13) is
potentially both IR and UV divergent. This divergence would
lead to the problematic result that the Bogoliubov coefficient
was infinite for all k. The integral can be insured to be finite if
ψ(i)1 is composed of a finite interval of Rindler frequencies of
positive k′. In this paper we take ψ1 to be a quasimonochro-
matic mode, that is therefore compactly supported in Kˆ-space.
This is physically motivated by the observation that all detec-
tors have a finite spectral bandwidth. A complete orthogonal
basis for K+I containing ψ1, that are compactly supported in
Rindler frequencies and therefore insured to be well-defined,
can be constructed by forming wavepackets in Rindler fre-
quency space. For details of this construction see pg. 18-20
of [32].
Appendix B: Formal derivation of E0 and E1
In this appendix we find formal expressions for the general
E0 and E1 channels to complement section IV. First we con-
sider the H0 hypothesis where the detection mode ψ0 is a su-
perposition of positive frequency eigenfunctions of the energy
operator, Eˆ = i ∂
∂t . From (A8) with φ→ ψ0 and we have:
Aˆi =
∫
dk(ψ(i)0 , uk)aˆk. (B1)
Since the operators Aˆi and aˆk annihilate the Minkowski vac-
uum state they are unitarily related. The unitary operator, U0,
that achieves this change of basis is defined by:
U0aˆiU
†
0 ≡ Aˆi =
∫
dk(ψ(i)0 , uk)aˆk. (B2)
The E0 channel is then found by writing the initial state in the
ψ0 basis and tracing out the subspace orthogonal to ψ0:
E0(ρ) = Tr⊥ψ0 [U0ρU†0]. (B3)
This is the slightly more detailed justification for equation
(22).
Under the H1 hypothesis ψ1 is a superposition of Rindler
modes, it will therefore be a mixed superposition of positive
frequency and negative frequency eigenfunctions of Eˆ. From
(A11) with ψ→ ψ1 we have
dˆi =
∫
dk(ψ(i)1 , uk)aˆk + (ψ
(i)
1 , u
?
k )aˆ
†
k . (B4)
We postulate that there exists a unitary operator, U1, such that:
U1aˆkU
†
1 ≡ dˆi =
∫
dk(ψ(i)1 , uk)aˆk + (ψ
(i)
1 , u
?
k )aˆ
†
k . (B5)
We can then write E1 as:
E1(ρ) = Tr⊥ψ1 [U1ρU†1]. (B6)
Thus, reproducing equation (23). However, there is no guar-
antee that a Unitary operator relating a state in the Minkowski
frame with a state in the Rindler frame exists. In fact, the
Minkowski and Rindler vacua (6) are Unitarily inequivalent,
see for example the discussion on pg. 31 of [32]. This is ordi-
narily dealt with by working “mode-by-mode.”
The problem with (B6) is that it may not be possible to
perform a Unitary operation on the state ρ → U1ρU†1 . The
key is to work with the operators themselves rather than the
states. Operators on the ψ1 subspace are easily expressed in
the Minkowski plane-wave basis using the Bogoliubov trans-
formation (B5). Therefore, all expectation values of quanti-
ties measured on the ψ1 subspace can be calculated by writing
the operator in the Minkowski plane wave basis. For exam-
ple, when the state is a Gaussian state it is completely char-
acterised by its first and second moments. These are simply
expectation values of operators defined on the ψ1 subspace.
Therefore, the state on the ψ1 subspace can be completely de-
termined even though the vacua may not be Unitarily related.
Further details on this derivation of the channel in the Gaus-
sian case are provided in section C.
Appendix C: Derivation of the general mode Unruh channel for
Gaussian states
In this appendix we will describe how the covariance ma-
trix formalism can be used to find the channel acting on Gaus-
sian states. In particular we derive the transformation matrices
found in equation (42). These matrices completely categorise
the Unruh channel on Gaussian states for general single mode
preparations and single mode measurements. We first con-
sider the action of the Unruh channel on a general mode co-
herent state. Not only are coherent states relevant to Section
VI but quite remarkably the information we gain from investi-
gating the coherent state is enough to deduce the general form
of the channel matrices for any Gaussian state.
The technique follows that described in [7]. Consider a
state of the field that is almost entirely (Minkowski) vacuum
except for a single mode that is populated in the form of a co-
herent state, |α〉. The populated mode could be a plane wave,
an Unruh mode, a Gaussian wavepacket, or any other mode
shape of interest. Assume that the positive norm solution asso-
ciated with this mode, φ, is a superposition of purely positive
frequencies with respect to Eˆ. We can then find a complete or-
thonormal basis of functions {φ(i)} for the positive Eˆ subspace
with φ(0) = φ, see Appendix A.
Next consider a general measurement of the field which
may occur in a mode that is different to the one in which the
field was prepared. For example, one might prepare a broad-
band wavepacket mode but then only select out and measure
the state of a narrow band of frequencies from this original
source using filters and other devices. Label the measured
mode by ψ. In fact, for the sake of generality, we will assume
that ψ is not necessarily in the positive Eˆ subspace. It can then
be written as a superposition of both positive and negative Eˆ
eigenfunctions. Using the relations (A1-A3) we can write:
ψ =
∑
i
(φ(i), ψ)φ(i) − (φ(i)?, ψ)φ(i)?. (C1)
Defining the annihilation operator dˆ = (ψ, Φˆ), and using (A5-
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A6) we obtain the operator decomposition [24]:
dˆ =
∑
i
(ψ, φ(i))Aˆi + (ψ, φ(i)?)Aˆ
†
i . (C2)
For brevity, we separate the i = 0 terms from the sum, and
define a new operator dˆ′ equal to the remaining terms:
dˆ′ ≡
∑
i,0
(ψ, φ(i))Aˆi + (ψ, φ(i)?)Aˆ
†
i , (C3)
so that (C2) becomes:
dˆ = (ψ, φ)Aˆ + (ψ, φ?)Aˆ† + dˆ′. (C4)
The dˆ operator acts of the subspace that describes those ex-
citations of the field accessible to our detector (alternatively,
it can be thought of as an operator on the detector subspace
itself).
We first define the xˆ and pˆ quadrature operators by: xˆ ≡
(dˆ + dˆ†) and pˆ ≡ 1i (dˆ − dˆ†). Arranging these elements into
a column vector Rˆ = (xˆ, pˆ)T , we can define the mean value
(also known as the first moment):
x ≡ 〈Rˆ〉 (C5)
and the covariance matrix (also known as the second mo-
ment):
V i j =
1
2
〈RˆiRˆ j + Rˆ jRi〉 − 〈Rˆi〉〈Rˆ j〉, (C6)
where the expectation values, 〈·〉, are taken with respect to the
initial state (assumed here to be a coherent state). Note that
the vacuum is normalised such that it’s covariance matrix is
the identity.
Gaussian states are defined as those states whose Wigner
function is Gaussian [49] (see pg. 5-6 of [38] for a review).
They are completely characterised by their first and second
moments only. A Gaussian state remains Gaussian if it un-
dergoes a Gaussian transformation. Since linear Bogoliubov
transformations and trace operations are Gaussian operations,
changing basis from Minkowski to Rindler frames is a Gaus-
sian transformation.
Equations (C5) and (C6) can be written in the expanded
form:
x = (〈xˆ〉 〈pˆ〉)T , (C7)
and
V =
 〈xˆ2〉 − 〈xˆ〉2 12 〈xˆ pˆ + pˆxˆ〉 − 〈xˆ〉〈pˆ〉1
2 〈xˆ pˆ + pˆxˆ〉 − 〈xˆ〉〈pˆ〉 〈 pˆ2〉 − 〈 pˆ〉2
 . (C8)
The initial coherent state can be written in terms of a displace-
ment operator of the φ mode, acting on the (Minkowski) vac-
uum state, Dφ(α)|0〉.
When acting on annihilation operators of the same mode,
the displacement operator satisfies the relation:
Dφ(α)†AˆDφ(α) = Aˆ + α. (C9)
On the other hand, the displacement operator passes straight
through operators, like dˆ′, that commute with Aˆ:
Dφ(α)†dˆ′Dφ(α) = dˆ′, (C10)
where we have also used the unitarity of the displacement op-
erators to obtain the r.h.s.
Thus, using equation (C4) we obtain:
Dφ(α)†dˆDφ(α) = dˆ′ + (ψ, φ)(Aˆ + α) + (ψ, φ?)(Aˆ† + α?).(C11)
Now again using equation (C4) to eliminate the dˆ′ operator
from the r.h.s we obtain:
Dφ(α)†dˆDφ(α) = dˆ + (ψ, φ)α + (ψ, φ?)α?. (C12)
And consequently,
Dφ(α)† xˆDφ(α) = xˆ + 2Re
[
(ψ, φ)α + (ψ, φ?)α?
]
, (C13)
Dφ(α)† pˆDφ(α) = pˆ + 2Im
[
(ψ, φ)α + (ψ, φ?)α?
]
. (C14)
Next we notice from (C2) that expectation of dˆ in the
Minkowski vacuum state vanishes. This is because the Aˆi
operators annihilate the Minkowski vacuum state, and the dˆ
operator is a linear superposition of such operators and their
conjugates. Similarly, the expectation value of the xˆ and pˆ op-
erators also vanish when taken with respect to the Minkowski
vacuum state. Therefore, the first moments are given by:
x′ =
2Re [(ψ, φ)α + (ψ, φ?)α?]
2Im
[
(ψ, φ)α + (ψ, φ?)α?
] (C15)
=
Re[(ψ1, φ) + (ψ1, φ?)] −Im[(ψ1, φ) + (ψ1, φ?)]
Im[(ψ1, φ) − (ψ1, φ?)] Re[(ψ1, φ) − (ψ1, φ?)]
 2Re(α)
2Im(α)
 .
(C16)
On the last line we have re-expressed the moments in terms of
a product of a matrix (that is independent of α) and a column
vector. But the column vector, x = (2Re(α) 2Im(α))T , is noth-
ing other than the first moment of the coherent state in the φ
basis. In general, non-displacing Gaussian channels transform
the first moments according to x′ = Xx. Since the state α was
arbitrary, the transformation matrix, X, must therefore be:
X =
 Re[(ψ1, φ) + (ψ1, φ?)] −Im[(ψ1, φ) + (ψ1, φ?)]
Im[(ψ1, φ) − (ψ1, φ?)] Re[(ψ1, φ) − (ψ1, φ?)]
 .
(C17)
We next calculate the covariance matrix. In order to do so
we need to calculate the terms 〈xˆ2〉, 〈pˆ2〉 and 〈xˆ pˆ〉. Since the
calculations are similar for each case we will only demonstrate
the method for 〈xˆ2〉 and provide the results for the others at the
end.
〈α|xˆ2|α〉 = 〈0|(D†(α)xˆD(α))2|0〉 (C18)
= 〈0|
(
xˆ + 2Re
[
(ψ, φ)α + (ψ, φ?)α?
])2|0〉 (C19)
= 〈0|xˆ2|0〉 + 4Re
[
(ψ, φ)α + (ψ, φ?)α?
]2
. (C20)
The first term can be calculated by writing dˆ as:
dˆ =
∫
dk(ψ,wIk)bˆlk (C21)
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and using
bˆlk = cosh rkAˆRk + sinh rkAˆ
†
Lk, (C22)
which follows from equations (19-20). We find:
〈0|(dˆ + dˆ†)2|0〉 = 1 + 2n, (C23)
where n is given by equation (29). It then follows that:
V
′
11 = 〈xˆ2〉 − 〈xˆ〉2 = 2n + 1 (C24)
The other elements are found a similar way. In summary, we
obtain, V
′
= (2n + 1)I2, where I2 is the 2 × 2 identity matrix.
In the φ basis the covariance matrix of the initial state is just
the identity: V = I2 (i.e., a coherent state). Furthermore, since
the general form for a single mode Bosonic Gaussian channel
can be written as:
V
′
= XVXT + Y, (C25)
we can deduce that the matrix Y must take the form:
Y = V
′ − XVXT (C26)
= (2n + 1)I2 − XXT , (C27)
as was to be shown. To obtain the results under H0 set ψ = ψ0
and n = 0. For H1, set ψ = ψ1.
Appendix D: Derivation of the Unruh channel for Fock states
We present here the derivation of the density matrices in
equations (44-45) for Fock states prepared in a single mode,
φ, and measured in another mode ψ, where ψ is taken to be a
quasimonochromatic mode.
Consider first two inertially defined positive frequency
modes, φ, and ψ (this corresponds to the assumptions of the
H0 hypothesis). Since they are vectors in the usual Hilbert
space of positive frequency solutions, we can decompose φ
into a part parallel and a part orthogonal to ψ:
φ = (ψ⊥, φ)ψ⊥ + (ψ, φ)ψ. (D1)
Unit normalisation for each of the modes allows us to write
(ψ⊥, φ) = eiθ
√
1 − |(ψ, φ)|2, where θ is some unknown phase.
The annihilation operators associated with these modes are,
Aˆ = (φ, Φˆ), dˆ⊥ = (ψ⊥, Φˆ) and dˆ = (ψ, Φˆ). Then:
Aˆ = e−iθ
√
1 − |(ψ, φ)|2dˆ⊥ + (ψ, φ)?dˆ, (D2)
and using the binomial theorem:
AˆN =
N∑
k=0
N
k
 (e−iθ √1 − |(ψ, φ)|2)N−k(ψ, φ)?kdˆN−k⊥ dˆk. (D3)
The density matrix of an n0 particle Fock state in the mode φ
measured in the mode ψ is then:
ρ0 = Trψ⊥ |(n0)φ〉〈(n0)φ|, (D4)
where |(n0)φ〉 ≡ Aˆ†n0√n0! |0〉. Using (D3) and taking the trace in-
side the summation one obtains:
ρ0 =
n0∑
k=0
 n0
k
 ∣∣∣1 − |(ψ, φ)|2∣∣∣n0−k |(ψ, φ)|2k |kψ〉〈kψ|. (D5)
With ψ = ψ0 this state corresponds to the part of the initial
Fock state state that is accessible to the detector (or if you
prefer, to the state of detector state itself) under the H0 hy-
pothesis, cf equation (44).
We now consider the specific case when ψ is quasi-
monochromatic about a Rindler mode, Ω. We first transform
into the Unruh mode basis by putting ψ = ψ0 into equation
(D5), then we use the transformation found in [29] (above
equation (3)) to transform the Unruh basis into the Rindler
basis:
ρ1 =
n0∑
k=0
∞∑
i=0
 n0
k
 ∣∣∣1 − |(ψ0, φ)|2∣∣∣n0−k |(ψ0, φ)|2k (D6)
× Ck,i(Ω)|(k + i)ψ〉〈(k + i)ψ|,
where Ck,i(Ω) =
 k + i
k
 (cosh rΩ)−2(k+1) tanh2i rΩ. Noting
that n = sinh2 rΩ and rΩ = arctanh(e−piΩ) this then completes
the derivation of equation (45).
Appendix E: Numerical implementation of the realistic modes
In this paper the quasimonochromatic wavepacket scalar
products are numerically calculated by performing several
double integrals. In this appendix we provide more details
on how these double integrals are calculated.
As described in the main text we assume that the modes
are quasimonochromatic. Let the source mode have a cen-
tral wavenumber kM and spectral width ∆kM and let the de-
tectors operate at either an Unruh wavenumber kU or Rindler
wavenumber kI with spectral widths of ∆kU and ∆kI respec-
tively. Assuming the quasimonochromatic modes to be a uni-
form box of wavenumbers we can write:
φ =
1√
∆kM
∫ kM+∆kM
kM
ukdk, (E1)
ψ1 =
1√
∆kI
∫ kI+∆kI
kI
wIkdk, (E2)
ψ0 =
1√
∆kU
∫ kU+∆kU
kU
uRkdk, (E3)
where uk are Minkowski plane waves, wIk are right-wedge
Rindler plane waves, and uRk are Right-Unruh modes. We
therefore have,
(ψ1, φ) =
1√
∆kM∆kI
∫ kI+∆kI
kI
∫ kM+∆kM
kM
(wIk, uk′ )dkdk′, (E4)
(ψ1, φ?) =
1√
∆kM∆kI
∫ kI+∆kI
kI
∫ kM+∆kM
kM
(wIk, u?k′ )dkdk
′, (E5)
(ψ0, φ) =
1√
∆kM∆kU
∫ kU+∆kU
kU
∫ kM+∆kM
kM
(uRk, uk′ )dkdk′. (E6)
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The inner products (wIk, uk′ ) and (wIk, u?k′ ) can be calculated
explicitly (using the contour trick in [32] see pg. 24):
(wIk, uk′ ) =
i
2pi
epik/2a√|kk′| (k
′/a)ik/a, (E7)
(wIk, u?k′ ) =
i
2pi
e−pik/2a√|kk′| (k
′/a)ik/a. (E8)
With these explicit expressions for the integrands the integrals (E4) and (E5) can be done numerically. To do the last integral
we need to calculate (uRk, uk′ ), which we can do using the equations (17-18). From the first we get:
(ψ0, φ) =
1√
∆kM∆kU
∫ kU+∆kU
kU
∫ kM+∆kM
kM
cosh rk(wIk, uk′ ) + sinh rk(w?IIk, uk′ )dkdk
′, (E9)
and from the second, which we note is negative frequency w.r.t Minkowski time, and therefore (u?Lk, uk′ ) = 0, we obtain:
(w?IIk, uk′ ) = − tanh rk(wIk, uk′ ) (E10)
Thus,
(ψ0, φ) =
1√
∆kM∆kU
∫ kU+∆kU
kU
∫ kM+∆kM
kM
(cosh rk − sinh rk tanh rk)(wIk, uk′ )dkdk′ (E11)
or
(ψ0, φ) =
1√
∆kM∆kU
∫ kU+∆kU
kU
∫ kM+∆kM
kM
√
1 − exp(−2pi|k|/a)(wIk, uk′ )dkdk′. (E12)
These integrals can then be computed numerically by again making use of equation (E7). In the text we impose the conditions,
kM = ω, ∆kM = δω and kI = kU = ωR and ∆kU = ∆kI = δωR (note we work in units with c = 1).
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